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Abstract
In this paper we investigate the notions of weakly developable and weakly k-developable space.
We give a metrization theorem for weakly developable spaces, and characterize them by means
of some generalized metric notions introduced in the paper which are weaker than those of w∆-
space or space having a G∗δ -diagonal. We also introduce some notions stronger than the notion of
p-sequence to characterize Tychonoff weakly developable and weakly k-developable spaces. These
characterizations provide us with some applications and in particular we study hereditarity of weak
developability and weak k-developability of the hyperspaces F(X) and K(X) endowed with the
Vietoris (finite) topology. We prove that a Tychonoff space X is weakly developable if and only if
F(X) is a weakly developable space. We show that K(X) for a Tychonoff weakly k-developable
space X is weakly developable, and thatK(X) for a ˇCech-complete space X which is developable or
has a regularGδ-diagonal is weakly k-developable. Ó 2001 Elsevier Science B.V. All rights reserved.
Keywords: ˇCech-complete space; Space with a Gδ-diagonal; Developable space; p-space; Weakly
developable space; Weakly k-developable space; Vietoris (finite) topology
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1. Introduction
Throughout this paper, all spaces are assumed to be T1 topological spaces. The notions
not defined here can be found in [5,8,9].
For a space X, let K(X) be the hyperspace of all non-empty compact subsets of X
endowed with the Vietoris (or finite) topology; that is, the topology generated by the base
which consists of all 〈U1, . . . ,Uk〉, where U1, . . . ,Uk are open in X and k ∈ ω, and
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〈U1, . . . ,Uk〉
=
{
K ∈K(X): K ⊂
⋃
{Ui : i = 1, . . . , k} and K ∩Ui 6= ∅ for each i
}
.
As subspaces of K(X), we will consider F(X) and Fn(X), n ∈ ω, where F(X) consists of
all non-empty finite subsets of X, and
Fn(X)=
{
F ∈F(X): Card(F )6 n}.
The subspace F(X) is dense in K(X), and if X is a Hausdorff space, then for every n,
Fn(X) is a closed subspace of both F(X) and K(X).
The problem of knowing whether K(X) or F(X) has a topological property P , when
the space X has it, has been studied for several years. The hereditarity of K(X) and
F(X) in respect of many properties such as metrizability and most separation axioms is
known from Michael [11]. Recently, Takemi Mizokami [12–14] studied this problem for
some generalized metric properties. Except for Moore spaces, all the properties studied
by him behave badly in the sense that never do both K(X) and F(X) have the same
property together. Our paper gives a contribution in this area. We attempt to understand
the behaviour of K(X) and F(X) in respect of the properties of weak developability and
weak k-developability. The aim of providing some answers to this problem has led us to
investigate the notions of weakly developable and weakly k-developable spaces and to
obtain some results about them.
Let X be a topological space. For a collection A of subsets of X, we write A = {A:
A ∈A}.
Let (Un) be a sequence of open covers of a space X. Recall that, for every x ∈X and n,
St(x,Un)=⋃{U ∈ Un: x ∈ U}.
A sequence of open covers (Un) of a space X is called:
• A Gδ-diagonal sequence, if for every x ∈X, ⋂n St(x,Un)= {x}. A space with a Gδ-
diagonal sequence is called a space with a Gδ-diagonal. If the stronger condition⋂
n St(x,Un)= {x} is satisfied, then the sequence is called a G∗δ -diagonal sequence,
and the space, a space with a G∗δ -diagonal.
• A development, if for every x ∈ X, the sequence (st(x,Un)) is a base at x . A space
with a development is called a developable space. Furthermore, a regular developable
space is called a Moore space.
• A weak development, if for every x ∈X and (Un) such that x ∈ Un ∈ Un for every n,
the sequence (
⋂
i6n Ui) is a base at x . A space with a weak development is called a
weakly developable space.
• A weak k-development, if for every K ∈ K(X) and (Hn) such that, for every n,
Hn ⊂ Un, Hn is finite, K ∩ H 6= ∅ for every H ∈ Hn, and K ⊂ ⋃Hn, we have
that the sequence (
⋂
i6n(
⋃Hi )) is a base at K . A space with a weak k-development
is called a weakly k-developable space.
It is clear from the definitions that every developable space and every weakly k-
developable space is weakly developable. One can consult [1], where these notions were
studied, to find results showing their difference.
B. Alleche / Topology and its Applications 111 (2001) 3–19 5
Notice that the notions of weakly developable and weakly k-developable space—like
those of developable space, space having aGδ-diagonal and space having aG∗δ -diagonal—
are hereditary.
In the second section we study the relationship of weakly developable and weakly k-
developable spaces with some related generalized metric properties. We give a metrization
theorem for weakly developable spaces and characterize them by means of some
generalized metric notions we introduce in the paper. In the third section, we give some
examples to show that our notions differ from known generalized metric notions, and give
a partial negative answer to Question 5 of [1]. In the fourth section, we introduce some
notions similar to the notion of p-space to characterize weakly developable and weakly
k-developable spaces. Some applications of these characterizations are given. In the last
section, we make use of the characterizations obtained in the fourth section to study the
problem of the hereditarity of the notions of weak developable and weak k-developable
space in the hyperspaces K(X) and F(X).
2. Weakly developable spaces and some related generalized metric properties
We begin this section with a metrization theorem for weakly developable spaces which
makes Theorem 2.6 of [1] more precise.
Recall that a space is called monotonically normal if for each pair (H,K) of disjoint
closed subsets of X, there exists an open set D(H,K) such that
(i) H ⊂D(H,K)⊂D(H,K)⊂X \K;
(ii) if H ⊂H ′ and K ⊃K ′, then D(H,K)⊂D(H ′,K ′).
Every paracompact space is monotonically normal, and every monotonically normal
space is collectionwise-normal.
Recall that a space X has a base of countable order (BCO) if X has a base B such that
whenever x ∈X and a strictly decreasing sequence (bn) of B is such that x ∈⋂n bn, then
(bn) is a base at x (see [3]).
It is well known that a space is metrizable if and only if it is a collectionwise-normal
Moore space (Bing’s criterion, see [9]) and if and only if it is paracompact and has a
BCO (see [3]). On the other hand, the space ω1 endowed with the order topology is an
example of a monotonically normal space which has a BCO but is not metrizable. One
can also consult [1, Example 4] to find an example of a collectionwise-normal weakly
k-developable space which is not metrizable.
The following result shows that monotone normality can be thought of as the
“difference” between weakly developable and metrizable spaces.
Theorem 2.1. A topological space is metrizable if and only if it is a monotonically normal
weakly developable space.
Proof. Every weakly developable space has both a Gδ-diagonal and a BCO (see [1]).
Since every monotonically normal space with a Gδ-diagonal is paracompact (see [15]), it
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remains to apply the result quoted in the paragraph before the theorem, namely, a space is
metrizable if and only if it is a paracompact space and has a BCO ([3]. See also [17]). 2
Corollary 2.2. Every suborderable weakly developable space is metrizable.
Proof. A suborderable space is a subspace of some linearly ordered space. Every linearly
ordered space is monotonically normal and every subspace of a monotonically normal
space is monotonically normal (see [9]). 2
Now, we are going to compare weakly developable spaces with w∆-spaces and spaces
having a Gδ-diagonal.
Recall that a sequence of open covers (Un) of a space X is called a w∆-sequence, if for
every x ∈X and (xn) such that xn ∈ St(x,Un) for every n, the sequence (xn) has a cluster
point. A space with a w∆-sequence is called a w∆-space.
It is well known that a space is developable if and only if it is a w∆-space and has a
G∗δ -sequence (Hodel, see [9, Theorem 3.3]).
In order to obtain a similar characterization for weakly developable spaces, we will
introduce the following two notions:
We say that a space X is a weakly w∆-space if it has a weakly w∆-sequence, that is,
a sequence of open covers (Un) such that for every x and (Un) such that x ∈ Un ∈ Un for
every n, if xn ∈⋂k6n Un for every n, then (xn) has a cluster point.
Every w∆-space is a weakly w∆-space.
We say that a space X has a weakly G∗δ -diagonal if it has a weakly G∗δ -diagonal
sequence, that is, a sequence of open covers (Un) such that for every x and (Un) such
that x ∈Un ∈ Un for every n, we have ⋂n(⋂k6n Uk)= {x}.
Every G∗δ -diagonal sequence is a weakly G∗δ -diagonal sequence. Every weakly G∗δ -
diagonal sequence is a Gδ-diagonal sequence, and from every Gδ-diagonal sequence on
a regular space, we can construct a weakly G∗δ -diagonal sequence.
Theorem 2.3. A Hausdorff space is weakly developable if and only if it is a weakly w∆-
space and has a weakly G∗δ -diagonal.
Proof. Let (Un) be a weak development for X. It is obvious that (Un) is a weakly w∆-
sequence. To prove that (Un) is a weakly G∗δ -diagonal sequence, let x and (Un) be such
that x ∈ Un ∈ Un for every n. For y ∈⋂n(⋂k6n Uk), let (On) be a neighborhood base for
y . Pick yn ∈On ∩ (⋂k6n Uk) for every n. It is clear that (yn) converges to both x and y .
Since X is Hausdorff, we have that
⋂
n(
⋂
k6n Uk)= {x}.
Conversely, we can construct a sequence of open covers (Un) which is both a
weakly w∆-sequence and a weakly G∗δ -diagonal sequence. The sequence (Un) is a weak
development for X. Indeed; let x ∈X and (Un) be such that x ∈ Un ∈ Un for every n. Let
O be an open neighborhood of x , and assume that (
⋂
k6n Uk) \O 6= ∅ for every n. Pick
xn ∈ (⋂k6n Uk) \O for every n. Then (xn) has a cluster point y and y ∈⋂n(⋂k6n Uk)=
{x}. This is a contradiction. 2
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Remark. As shown in Example 3.3 later, the assumption on the Hausdorff character of
the space cannot be dropped in the part of the last theorem concerning the existence of
a weakly G∗δ -diagonal in weakly developable spaces. Notice that no separation axiom is
necessary in the other implications as well as for the existence of aGδ-diagonal for weakly
developable spaces.
Corollary 2.4. Every regular w∆-space with a Gδ-diagonal is a weakly developable
space.
3. Some examples
In this section, we give some examples to show that the notions we introduced in the
last section are different from some known notions such as w∆-spaces, spaces having a
Gδ-diagonal, and spaces having a G∗δ -diagonal.
First, we give an example showing that weaklyw∆-spaces and w∆-spaces are different.
Example 3.1. There exists a weakly k-developable and weakly w∆-space which is not a
w∆-space.
Proof. LetX be the space defined by Gruenhage in [9, Example 2.17]. It is also Example 3
of [1]. This space is a regular weakly k-developable submetrizable non-developable space.
Then it has aG∗δ -diagonal, but it cannot be aw∆-space, otherwise it would be developable.
On the other hand, by using Theorem 2.3, this space provides us with an example of a
weakly w∆-space which is not a w∆-space. 2
Remark. If we look at the last example, we find that there is a notion between that of
regular weakly developable space and that of weakly w∆-space—see Theorem 4.1 later.
Now, we give two examples showing that the notion of weakly G∗δ -diagonal is different
from those of Gδ-diagonal and G∗δ -diagonal.
Every regular space which has a Gδ-diagonal but not a G∗δ -diagonal provides us with a
space having a weakly G∗δ -diagonal but not a G∗δ -diagonal. Since we have not found one
in the literature, we will give a Hausdorff example which is not regular. This example is
taken from [13].
Example 3.2. There exists a (non-regular) Hausdorff space with a weakly G∗δ -diagonal
but not a G∗δ -diagonal.
Proof. First, consider a Hausdorff but not regular space R′ defined as follows: let Q be
the set of rational numbers of R and let P = R \Q. The space R′ is R topologized in the
following way: all points of P are isolated and each point q ∈ Q has the neighborhood
base {{q} ∪ (]q − ε, q + ε[∩P): ε > 0}. Notice that the topology of R′ is finer than the
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topology of the Michael Line. The space R′ is submetrizable and hence it has a weakly
G∗δ -diagonal.
Now, consider the space X =R× ({0} ∪ {1/n: n > 0}) topologized as follows: for each
n ∈N, let R× {1/n} be an open subspace of X homeomorphic to R′. For each (x,0) ∈X,
let {N((x,0), ε): ε > 0} be a neighborhood base of (x,0) in X, where
(1) if x ∈Q, then
N
(
(x,0), ε
) = {(x,0)}
∪ {(x ′, y ′) ∈X: x ′ ∈ P, 06 y ′ < |x ′ − x| and |x ′ − x|< ε},
(2) if x ∈ P , then N((x,0), ε)= {(x,0)} ∪ {(x, y ′) ∈X: 0< y ′ < ε}.
Finally, let Z = X ∪ R′ be a space topologized in such a way that X is an open
subspace of Z, having the above-defined topology, and for x ∈ R′, let {N(x, ε): ε > 0}
be a neighborhood base of x in Z, where
(1) if x ∈Q, then
N(x, ε) = {x} ∪ (]x − ε, x + ε[∩P )
∪ {(x ′, y ′) ∈X: x ′ ∈ P and |x ′ − x|< y ′ < ε},
(2) if x ∈ P , then N(x, ε)= {x}.
Following [13], the space Z has a Gδ-diagonal but not a G∗δ -diagonal. We will prove
that this space has a weakly G∗δ -diagonal.
For every k, let (Un(k)) be a G∗δ -diagonal sequence for R × {1/k} and assume that
Un+1(k) refines Un(k) for every n and k. For every n, let
Un =
⋃
k
Un(k)∪
{
N((x,0),1/n): x ∈R}∪ {N(x,1/n): x ∈R}.
The sequence of open covers (Un) of Z is a weakly G∗δ -diagonal. Indeed, let (Un) and
p ∈Z be such that p ∈Un ∈ Un for every n.
Case 1. If p = x ∈R, then the case where x ∈ P is obvious. Assume that x ∈Q, so that
Un =N(x,1/n). Then
Un ⊂
[
x − 1/n, x + 1/n]∪ {(x ′, y ′) ∈X: |x ′ − x|6 y ′ < 1/n}
for every n. Since 1/n→ 0, we have that
x ∈
⋂
n
Un ⊂
⋂
n
[
x − 1/n, x + 1/n]= {x}.
Case 2. If p = (x,0), then the case x ∈Q is obvious. Without loss of generality, we can
assume that, for every n, there is xn ∈Q such that Un =N((xn,0),1/n). It follows that
Un ⊂
(
([xn − 1/n, xn+ 1/n] ∩ Q) \ {xn}
)
∪ {(x ′, y ′) ∈X: 06 y ′ < |x ′ − xn|6 1/n}.
Since 1/n→ 0, we have that
(x,0) ∈
⋂
n
Un ⊂
⋂
n
{
(x ′, y ′): 06 y ′ < |x ′ − xn|6 1/n
}= {(x,0)}.
B. Alleche / Topology and its Applications 111 (2001) 3–19 9
Case 3. If p = (x,1/k), where x ∈ R and k ∈ N, take nk such that 1/nk < 1/k. Then,
for every n> nk , we have that Un ∈ Un(k). The sequence (Un(k)) is a weaklyG∗δ -diagonal
sequence on R× {1/k} and satisfies the refinement condition. Since R× {1/k} is a closed
subspace of Z, it follows that Un = {(x,1/k)}. 2
Now, we construct a developable (then weakly developable and hence with a Gδ-
diagonal) T1-space which has no weakly G∗δ -diagonal.
Example 3.3. There exists a (non-Hausdorff) developable T1-space which has no weakly
G∗δ -diagonal.
Proof. Put X = N ∪ {∞1,∞2} (where ∞1,∞2 /∈ N and ∞1 6= ∞2), and let X be
topologized as follows: N is an open discrete subset of X, while for i = 1,2 the point
∞i has the neighborhood base {V in : n ∈N} where V in = {∞i} ∪ {n′ ∈N: n′ > n} for every
n ∈N.
It is clear that putting Un = {{m}: m ∈ N} ∪ {V 1n ,V 2n } for every n ∈ N gives a
development (Un) of X. To prove that X has no weakly G∗δ -diagonal, let (Un) be any
sequence of open covers of X. For every n ∈ N, fix an open set Un ∈ Un such that
∞1 ∈ Un ∈ Un: then, for every n ∈N, the set⋂k6n Uk is a neighborhood of∞1, and hence
∞2 ∈⋂k6n Uk by the definition of the topology on X. Therefore,∞2 ∈⋂n(⋂k6n Uk)
and (Un) is not a weakly G∗δ -diagonal sequence. 2
Observe that, as it is easy to check, the above space X gives also an example of a
developable T1-space which is not weakly k-developable. On the other hand, we will now
construct a Hausdorff space having the same properties (this gives a partial negative answer
to Question 5 of [1]).
Example 3.4. There exists a (non-regular) developable Hausdorff space which is not
weakly k-developable.
Proof. Let X be the space R× ({1/n: n ∈ N} ∪ {0}), topologized in the following way.
Every R× {1/n} is an open discrete subset of X, while every p = (x,0) ∈R×{0} has the
neighborhood base {N(p, ε): ε > 0}, where
N(p, ε)= (({x} × [0, ε[)∪ ((]x − 2− ε, x − 2+ ε[\{x − 2})×]0, ε[))∩X
for every ε > 0.
It is easily seen that X is a Hausdorff space. Also, the sequence (Vn) of open covers of
X, where
Vn =
{{(x,1/m)}: x ∈R, m ∈N}∪ {N(p,1/n): p ∈R× {0}}
for every n ∈N, is a development of X. We prove now thatX is not weakly k-developable.
Let (Un) be any sequence of open covers of X. By induction, we will define for every
n ∈ ω a closed interval [an, bn] of R and an m(n) ∈N, so that:
(1) ∀n > 0: [an, bn] ⊂ [an−1, bn−1];
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(2) ∀n > 0, ∀x ∈ [an, bn], ∃x ′ ∈ [an + 2, bn + 2] \ {x + 2},∃U ∈ Un such that
N((x ′,0),1/m(n))⊂U and |x ′ − 2− x|< 1/m(n).
To start, we may put a0 = 0, b0 = 1 and m(0)= 1. Suppose now to have defined an, bn
for every n < n¯, in such a way that (1) and (2) are fulfilled. To define an¯, bn¯ and m(n¯), let
us associate to every x ∈ [an¯−1, bn¯−1] an mx ∈N such that
∃U ∈ Un¯: N
(
(x + 2,0),1/mx+2
)⊂U
(clearly, this is possible because Un¯ is an open cover of X). Since the interval [an¯−1, bn¯−1]
(endowed with the topology induced by the Euclidean topology τ on R) is Baire, the
sets Lm′ = {x ∈ [an¯−1, bn¯−1]: mx+2 =m′} (with m′ ∈ N) cannot all be τ -nowhere dense;
thus, in particular, there exists m¯ ∈ N and a closed interval [an¯, bn¯] ⊂ [an¯−1, bn¯−1], such
that Lm¯ ∩ [an¯, bn¯] is τ -dense in [an¯, bn¯]. Putting m(n¯) = m, this clearly implies that
for every x ∈ [an¯, bn¯] (actually, for every x ∈]an¯ − (1/m(n¯)), bn¯ + (1/m(n¯))[) there
exist U ∈ Un¯ and x ′ ∈ [an¯ + 2, bn¯ + 2] \ {x + 2} with |x ′ − 2 − x| < 1/m(n¯), such that
N((x ′,0),1/m(n¯))⊂U .
By (1) and the compactness of [0,1], there exists x¯ ∈⋂n∈ω[an, bn] ⊂ [0,1]; so, consider
the compact subsetK = {x¯}×({1/n: n ∈N}∪{0}) ofX. Condition (2) and the definition of
the neighborhoodsN(p, ε) for p ∈R× {0} imply that for every n ∈N there exist Un ∈ Un
and εn > 0 such that:
(a) Un ∩K 6= ∅;
(b) ]x¯ − εn, x¯ + εn[×{1/m′: m′ >m(n)} ⊂Un.
By compactness of K , for every n ∈ N there exists a finite subset H′n of Un, such that
K ⊂⋃H′n and ∀H ∈H′n,H ∩K 6= ∅. PutHn =H′n ∪ {Un} for every n ∈N, and consider
the open set
W =K ∪ ((]x¯ − 3, x¯ − 1[\{x¯ − 2})× {1/n: n > 1})= {(x¯,1)}∪N((x¯,0),1),
which contains K . We claim that for every n ∈N, the set ⋂ni=1(⋃Hi ) is not contained in
W , which proves that (Un) is not a weak k-development of X. Indeed, given any n ∈N, let
ε˜ =min{ε1, . . . , εn} and m˜=max{m(1), . . . ,m(n)}; it follows from (b) that
]x¯ − ε˜, x¯ + ε˜[×{1/m′: m′ > m˜} ⊂
n⋂
i=1
Ui ⊂
n⋂
i=1
(⋃Hi);
thus, it is clear that
⋂n
i=1(
⋃Hi ) 6⊂W . 2
4. Weakly developable and weakly k-developable spaces, and p-spaces
In this section, we will be interested in the characterization of weakly developable
and weakly k-developable spaces by means of some notions similar to the notion of p-
sequence. These characterizations allow us to obtain a generalization of some results of [1]
and they will be used in the next section.
Let X and Y be two topological spaces, with X ⊂ Y , and (Gn) a sequence of covers
of X by open subsets of Y . Recall that (Gn) is said to be a p-sequence of X in Y if for
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every x ∈ X and (Gn) such that x ∈ Gn ∈ Gn for every n, we have that ⋂n Gn ⊂ X (or
equivalently, for every x ∈X, we have ⋂n St(x,Gn)⊂X).
The notion of p-space was introduced by Arhangel’skiıˇ in [2]. A p-space is a completely
regular space X which has a p-sequence in its Stone– ˇCech compactification β(X) (or
equivalently, in some compactification of X).
It is a result of [1, Theorem 2.4] that a completely regular space is weakly developable
if and only if it is a p-space and has a Gδ-diagonal.
There exists an internal characterization of p-spaces due to Burke [6] (see also [9,
Theorem 3.21]). A completely regular space X is a p-space if and only if it satisfies the
following property (B):
(B) The space X has a sequence of open covers (Un) such that whenever x ∈ X and
Un ∈ Un are such that x ∈ Un for every n, then
(a) ⋂n Un is compact;
(b) every open neighborhood of ⋂n Un contains some ⋂k6n Uk .
It is clear that every regular weakly developable space satisfies property (B), where the
compact set
⋂
n Un is exactly the singleton {x}.
The following result shows that our Theorem 2.3 is a generalization of Theorem 2.4
of [1].
Theorem 4.1. Every space which satisfies property (B) is a weakly w∆-space. In
particular, regular weakly developable spaces and p-spaces are weakly w∆-spaces.
Proof. Let X be a space and let (Un) be a sequence of open covers of X satisfying the
conditions of property (B).
The sequence (Un) is the required weakly w∆-sequence for X. Indeed, let x ∈ X and
Un ∈ Un be such that x ∈ Un for every n. Let also xn ∈⋂k6n Uk for every n. If (xn) has
no cluster point, then for every z ∈⋂n Un, there is an open neighborhood Oz of z and
nz ∈ ω such that xn /∈ Oz for every n > nz. Since the set ⋂n Un is compact, there are an
open subset O containing
⋂
n Un and n0 ∈ ω such that xn /∈ O for every n > n0. On the
other hand, there is n1 such that
⋂
k6n1 Uk ⊂O , whence xn ∈O for every n> n1. This is
a contradiction. 2
Now, we are going to introduce some notions of sequence similar to the notion of p-
sequence.
Let X and Y,X ⊆ Y , be two topological spaces and (Gn) a sequence of covers of X
by open subsets of Y . We will say that (Gn) is a p-k-sequence of X (in Y ) if for every
K ∈K(X) andHn ⊂ Gn such that, for every n,Hn is finite, K ∩H 6= ∅ for everyH ∈Hn,
and K ⊂⋃Hn, then ⋂n(⋃Hn)⊂X.
Furthermore, if we have
⋂
n(
⋃Hn) = K , then we say that (Gn) is a special p-k-
sequence of X (in Y ).
It is clear that every special p-k-sequence is a p-k-sequence, and every p-k-sequence is
a p-sequence.
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Recall that a completely regular space is said to be ˇCech-complete if it is a Gδ-set in
its Stone– ˇCech compactification. To see that every ˇCech-complete space X has a p-k-
sequence in its Stone– ˇCech compactification, take a sequence (On) of open subset of βX
such that X =⋂n On. The sequence ({On}) is obviously a p-k-sequence of X in βX.
For the convenience of the next theorem, let us say that a sequence of open covers (Un)
of a space X is a Gδ-k-diagonal sequence on X if for every K ∈ K(X) and Hn ⊂ Un
such that, for every n, Hn is finite, K ∩ H 6= ∅ for every H ∈Hn, and K ⊂⋃Hn, then⋂
n(
⋃Hn)=K .
EveryGδ-k-diagonal sequence is a Gδ-diagonal sequence.
Theorem 4.2. Let X be a completely regular space. The following four conditions are
equivalent:
(1) X is a weakly k-developable space.
(2) X has a special p-k-sequence in its Stone– ˇCech compactification β(X).
(3) X has a special p-k-sequence in some regular countably compact space Y ⊃X.
(4) X has a Gδ-k-diagonal sequence and a p-k-sequence in some regular countably
compact space containingX.
Proof. (1)⇒ (2) Let (Un) be a weak k-development for X. For every n, let,
Gn =
{
G: G open subset of βX, G∩X ∈ Un
}
.
We will prove that (Gn) is the required special p-k-sequence. LetK ∈K(X), andHn ⊂ Gn
such that, for every n, Hn is finite, K ∩ H 6= ∅ for every H ∈Hn, and K ⊂⋃Hn. Put
Hn =⋂i6n(⋃Hi ). Assume that there is x ∈ β(X) \K such that x ∈⋂n Hn. Then, take
an open neighborhoodO ofK in βX such that x /∈O . Since (Un) is a weak k-development
for X, there is m such that Hm ∩X ⊂O . It follows that Hm \O ⊂ βX \X. But Hm \O is
an open subset of βX \X containing x . This is a contradiction.
(2)⇒ (3) is obvious.
(3)⇒ (4) Let (Gn) be a special p-k-sequence of X in Y . Define a sequence (Un) such
that Un = {G∩X: G ∈ Gn}. It is easy to see that (Un) is a Gδ-k-diagonal sequence for X.
(4)⇒ (1) Let (G1n) be a p-k-sequence of X in Y and (U1n) a Gδ-k-diagonal sequence on
X. Let
G2n =
{
G: G open subset of Y, G∩X ∈ U1n
}
and
G′n =
{
G1 ∩G2: G1 ∈ G1n, G2 ∈ G2n
}
.
It is clear that (G′n) is a p-k-sequence ofX in Y . It is also clear that (U ′n) is aGδ-k-diagonal
sequence on X, where U ′n = {G∩X: G ∈ G′n} for every n. Now, define a sequence (Gn) of
covers of X by open subsets of Y such that Gn refines G′n for every n. This is done by the
regularity of Y .
Finally, put Un = {G∩X: G ∈ Gn} for every n. The sequence (Un) of open covers of X
is a weak k-development for X. Indeed, let K ∈K(X), and Hn ⊂ Un such that, for every
n, Hn is finite, K ∩ H 6= ∅ for every H ∈Hn, and K ⊂⋃Hn. Put Hn =⋂i6n(⋃Hi ).
Let O be an open neighborhood of K , and assume that for every n, Hn \ O 6= ∅. Pick
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xn ∈ Hn\O for every n. As Y is countably compact, let y ∈ Y be a cluster point of (xn).
We have y ∈ Hn for every n. Since (G′n) is a p-k-sequence, then y ∈
⋂
n Hn ⊂ X. Since
(U ′n) is a Gδ-k-diagonal sequence, we obtain (
⋂
n Hn) ∩ X = K . It follows that y ∈ K .
This is a contradiction. 2
Remark. Obviously, the complete regularity of X is not necessary in the proof of (3)⇒
(4) and (4)⇒ (1).
Lemma 4.3. Every space with a G∗δ -diagonal has a Gδ-k-diagonal.
Proof. Let (Un) be a G∗δ -diagonal sequence for X. Without loss of generality, we can
assume that, for every n, Un+1 refines Un.
Let K ∈ K(X) and Hn ⊂ Un such that, for every n, Hn is finite, K ∩ H 6= ∅ for
every H ∈ Hn, and K ⊂⋃Hn. Assume that there is x ∈⋂n(⋃Hn) \ K . For every n,
choose Un ∈Hn such that x ∈ Un. On the other hand, the sequence (Un) is a G∗δ -diagonal
sequence. Hence, since x /∈K , there exists m such that K ∩ St(x,Um)= ∅. It follows that
Um ∩K = ∅. This is a contradiction. 2
Theorem 4.4. Every space with a G∗δ -diagonal and a p-k-sequence in some regular
countably compact space is weakly k-developable.
Proof. This follows from Lemma 4.3 and Theorem 4.2. 2
The following result generalizes Theorem 4.2 of [1].
Theorem 4.5. Every ˇCech-complete space with a G∗δ -diagonal is a weakly k-developable
space.
Proof. Since every ˇCech-complete space has a p-k-sequence in its Stone– ˇCech compact-
ification β(X), the result is a direct consequence of Theorem 4.4. 2
Corollary 4.6. Every pseudocompact space with aG∗δ -diagonal is a weakly k-developable
space.
Proof. It is a result of Reznichenko [16] that every pseudocompact space with a Gδ-
diagonal is ˇCech-complete (see also [4] for the proof). It remains only to apply Theorem 4.5
to complete the proof. 2
Of course, weakly developable spaces can be characterized in the same way weakly k-
developable spaces were in Theorem 4.2. To do that, let us say that a p-sequence (Gn)
of a space X in Y is a special p-sequence of X in Y if, for every x ∈ X, we have⋂
n St(x,Gn)= {x}.
The proof of the following theorem is similar to that of Theorem 4.2, and so is omitted.
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Theorem 4.7. Let X be a completely regular space. The following four conditions are
equivalent:
(1) X is a weakly developable space.
(2) X has a special p-sequence in its Stone– ˇCech compactification βX.
(3) X has a special p-sequence in some regular countably compact space Y ⊃X.
(4) X has a Gδ diagonal and a p-sequence in some regular countably compact space
Y containing X.
5. Vietoris topology on K(X) and F(X) of weakly developable and weakly
k-developable spaces
As shown in the next example, when passing from the base space to the hyperspace,
K(X) and F(X) behave badly, not only with respect to the property of being a w∆-
space [13], but also with that of being a weakly w∆-space. The two examples we give
are those constructed by Mizokami in [13] and the proofs are simply adjustments of his
proofs.
Example 5.1. There exists a compact space X such that F(X) is not a weakly w∆-space.
Proof. Take asX the set of ordinals [0,ω1], endowed with the order topology. Let (Ûn) be
any sequence of open covers of F(X); for each n ∈N, pick a Ûn ∈ Ûn such that {ω1} ∈ Ûn.
Then, for every n ∈ N, there exists αn < ω1 such that 〈]αn,ω1]〉 ⊂ Ûn; also, we may
suppose without loss of generality that (αn) is strictly increasing. Let α = sup{αn: n ∈
N}< ω1, and for each n ∈ N put Fn = {α + 1, . . . , α + n}. Then Fn ∈⋂k6n Ûk for every
n; but (Fn) has no cluster point in F(X). Indeed, given any F ∈ F(X), there must exist
m ∈N such that α+m /∈ F ; then 〈X \ {α+m}〉 is an open neighborhood of F which does
not contain Fn for n>m. 2
It is a result of Burke [7] that w∆-spaces are preserved by perfect pre-images. This is
also true for weakly w∆-spaces; also, we may replace “perfect” by “closed”.
Lemma 5.2. If f is a closed mapping from a space X onto a weakly w∆-space Y , then X
is a weakly w∆-space.
Proof. Let (Un) be a weaklyw∆-sequence in Y . For every n, let Vn = {f−1(U): U ∈ Un}.
The sequence of open covers (Vn) is a weakly w∆-sequence in X. Indeed, let x ∈X and
(Vn) be such that x ∈ Vn ∈ Vn for every n. Put Un = f (Vn) ∈ Un for every n.
Let (xn) be such that xn ∈⋂k6n Vk for every n. Assume that (xn) has no cluster point
in X. Since f is a closed mapping, the sequence (f (xn)) has no cluster point in Y . But we
have f (x) ∈⋂n Un and f (xn) ∈⋂k6n Uk for every n. This is a contradiction. 2
Example 5.3. There exists a countably compact space X such that F2(X)—hence F(X)
and K(X)—are not weakly w∆-spaces.
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Proof. Let Z1 and Z2 be any countably compact spaces such that Z1×Z2 is not countably
compact. For i = 1,2, let Xi be the ordinal space [0,ω1] with each non-limit ordinal
replaced by a copy of Zi . That is, Xi = ([0,ω1] \ NL) ∪ (⋃{Zαi : α ∈ NL}), where NL
designs the set of all non-limit ordinals in [0,ω1], and Zαi is a copy of Zi for every α ∈ NL.
The spaceXi is topologized such that for every α, each element ofZαi has its neighborhood
base in Zαi , and if β /∈ NL, then β has the neighborhood base ([γ,β] \ NL) ∪ (
⋃{Zαi : α ∈
NL and γ 6 α < β}), γ < β . The space Xi is countably compact, and it is proved in [9]
that the space X1 ×X2 is not a w∆-space.
Let us prove that X1×X2 is not a weakly w∆-space. To do this, let (Un) be a sequence
of open covers of X1 ×X2. Let (Un) be such that (ω1,ω1) ∈ Un ∈ Un for every n. Then⋂
n Un contains a copy C of Z1 × Z2. We choose xn ∈ C such that (xn) does not have
a cluster point. Then xn ∈⋂k6n Uk for every n, and (xn) has no cluster point. Thus, the
sequence (Un) cannot be a weakly w∆-sequence.
Now, consider the space X = X1 ⊕ X2. The space X × X contains a closed copy of
X1 × X2. As the property of weakly w∆-spaces is hereditary for closed subspaces, it
follows that X×X is not a weakly w∆-space.
Finally, the mapping f :X × X→ F2(X) defined by f ((x, y)) = {x, y} is a perfect
mapping and onto. Then by Lemma 5.2, the space F2(X) is not a weakly w∆-space.
Since X is a Hausdorff space, F2(X) is a closed subspace of both F(X) and K(X). It
results that neither F(X) nor K(X) is a weakly w∆-space. 2
It is easily verified that, forX having aGδ-diagonal,F(X) has aGδ-diagonal. However,
the notion of Gδ-diagonal is not hereditary in K(X). This can be shown by using a space
constructed by Mizokami in [13]. This space not only has a Gδ-diagonal but also has a
weaklyG∗δ -diagonal as shown in Example 3.2. Thus, there exists a (non-regular) Hausdorff
space X with a weakly G∗δ -diagonal such that K(X) has no Gδ-diagonal (and hence, no
weakly G∗δ -diagonal).
We are now going to prove that the notion of weakly developable space is hereditary for
the hyperspace F(X).
Notice that for every X and Y with X ⊂ Y , if F(X) or K(X) has a p-sequence
(respectively special p-sequence, p-k-sequence, special p-k-sequence) in F(Y ) or in
K(Y ), then X has a p-sequence (respectively special p-sequence, p-k-sequence, special
p-k-sequence) in Y .
Lemma 5.4. If X has a p-sequence (respectively special p-sequence) in a space Y , then
F(X) has a p-sequence (respectively special p-sequence) in K(Y ).
Proof. We prove this for the case of the special p-sequence, the other case being entirely
analogous.
Let (Gn) be a special p-sequence for X in Y , and assume that for every n, Gn+1 refines
Gn. For every n, let
Ĝn =
{〈Gn1, . . . ,Gnk 〉: Gn1, . . . ,Gnk ∈ Gn, k ∈ ω}.
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It is clear that (Ĝn) is a sequence of open subsets of (˛Y ) covering F(X). Take A ∈ F(X)
and B ∈K(Y ), and suppose that there is, for every n, Gn1, . . . ,Gnkn ∈ Gn such that both A
and B are in 〈Gn1, . . . ,Gnkn〉.
First, we will prove that
⋂
n(
⋃kn
i=1G
n
i )=A. Assume that there is p ∈
⋂
n(
⋃kn
i=1G
n
i )\A.
Then there is (Gnin) such that p ∈
⋂
n G
n
in
. Since A is finite, there is x ∈ A, and a strictly
increasing subsequence (ikn)n such that x ∈
⋂
n G
kn
ikn
. For every kn+1 > l > kn, choose
Ul ∈ Gl such that Gkn+1ikn+1 ⊂Ul , and put Ukn =G
kn
ikn
. It follows that
⋂
l Ul =
⋂
n G
kn
ikn
. Then
p ∈⋂l Ul = {x}. This is a contradiction. Then ⋂n(⋃kni=1Gni )=A.
On the other hand, we have B ⊂⋂n(⋃kni=1Gni ) = A. Then B ∈ F(X). It follows now
by the same proof that B =⋂n(⋃kni=1Gni )=A. Hence ⋂n〈Gn1, . . . ,Gnkn〉 = {A}. 2
Theorem 5.5. A completely regular space X is weakly developable if and only if F(X) is
weakly developable.
Proof. The space F(X) is obviously a (dense) subspace of the compact space K(βX). It
remains only to apply Lemma 5.4 and Theorem 4.7. 2
The following result helps us to find conditions on X to have K(X) weakly developable.
Lemma 5.6. Let X be a topological space.
(1) If X has a p-k-sequence in a space Y , then K(X) has a p-k-sequence in K(Y ).
(2) If X has a special p-k-sequence in a space Y , then K(X) has a special p-sequence
in K(Y ).
Proof. (1) Let (Gn) be a p-k-sequence of X in Y . For every n, let
Ĝn =
{〈Gn1, . . . ,Gnk 〉: Gn1, . . . ,Gnk ∈ Gn, k ∈ ω}.
It is clear that (Ĝn) is a sequence of open subsets of K(Y ) covering K(X). Let K be a
compact subset of K(X). Take for every n, two integers kn and mn, and Gni (j) in Gn for
every 06 i 6 kn and 06 j 6mn such that K ∩ 〈Gn1(j), . . . ,Gnkn(j)〉 6= ∅ for every j , andK⊂⋃mnj=0〈Gn1(j), . . . ,Gnkn(j)〉. PutK =⋃{K ′: K ′ ∈K}. Since K is a compact subset of
X (see [11, Theorem 2.5.2]) and (Gn) is a p-k-sequence, then⋂
n
(
mn⋃
j=0
(
kn⋃
i=0
Gni (j)
))
⊂X.
It follows now that⋂
n
(
mn⋃
j=0
〈
Gn1(j), . . . ,Gkn(j)
〉)⊂K(X).
(2) Let (Gn) be a special p-k-sequence of X in Y . Define (Ĝn) as in (1) above. Let L ∈⋂
n St(K, Ĝn), whereK ∈K(X) and L ∈K(Y ). Then, for every n, there areGn1, . . . ,Gnkn ∈Gn such that both K and L are in 〈Gn1, . . . ,Gnkn〉. Since (Gn) is a special p-k-sequence of
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X in Y , we have L ⊂⋂n(⋃i Gni ) = K . Then L ∈ K(X). It follows for the same reason
that L=⋂n(⋃i Gni ). That is, (Ĝn) is a special p-sequence for K(X) in K(Y ). 2
Theorem 5.7. If a completely regular space X is weakly k-developable, then K(X) has a
special p-sequence in K(βX).
Proof. By Theorem 4.2, the space X has a special p-k-sequence in βX. It follows from
Lemma 5.6 that K(X) has a special p-sequence in K(βX). 2
Theorem 5.8. If a completely regular space X is weakly k-developable, then K(X) is a
weakly developable space.
Proof. SinceK(βX) is a compact space, it suffices to apply Theorems 5.7 and 4.7 to obtain
the result. 2
We now give some sufficient conditions on a space X for the hyperspace K(X) to be
weakly k-developable.
Recall that a space X is said to have a regular Gδ-diagonal, if the diagonal ∆ of X has
a sequence (On) of open neighborhoods in X×X such that ∆=⋂n On =⋂n On, where
the diagonal of X is the subset ∆= {(x, x): x ∈X} of X×X.
The notions of developable space and space having a regular Gδ-diagonal are different.
Every submetrizable space has a regular Gδ-diagonal, and there are (locally compact)
submetrizable non-developable spaces. On the other hand, the space of Mrowka ψ(ω)
is a (locally compact) non-metrizable developable space. This space could be taken
pseudocompact but never has a regularGδ-diagonal. This is because every pseudocompact
space with a regularGδ-diagonal is metrizable (see [10]).
Theorem 5.9. Let (X,T ) be a completely regular space having a p-k-sequence in βX.
Suppose that X satisfies one of the following two conditions:
(1) X has a regular Gδ-diagonal.
(2) There is a coarser topology T ′ on X such that (X,T ′) is a Hausdorff developable
space.
Then K(X) is a weakly k-developable space.
Proof. From Lemma 5.6, the space K(X) has a p-k-sequence in the compact space
K(βX).
(1) If X has a regularGδ-diagonal, then K(X) has aG∗δ -diagonal (see [13, Theorem 1]).
It remains only to apply Theorem 4.4 to deduce that the space K(X) is a weakly k-
developable space.
(2) Now suppose X satisfies the second condition. Let us denote the set of all compact
subsets of X with respect to the topology T ′ by K(X)′. We also denote the Vietoris
topology on K(X)′ given via T ′ by T ′V .
Following [12, Theorem 1], the space (K(X)′,T ′V ) is a Hausdorff developable space.
18 B. Alleche / Topology and its Applications 111 (2001) 3–19
Since K(X) ⊂ K(X)′, we can use T ′V to induce a subspace topology, which we denote
by L, onK(X). The topologyL is precisely the collection {Ô∩K(X): Ô ∈ T ′V }. It follows
that the space (K(X),L) is a Hausdorff developable space. On the other hand, it is easy
to check that the topology L is coarser than the topology TV (where TV is the Vietoris
topology on K(X) relative to the base space (X,T )). It only remains to apply Theorem 4.4
to deduce that the space K(X) is a weakly k-developable space. 2
Theorem 5.10. Let (X,T ) be a pseudocompact or ˇCech-complete space. Suppose that X
satisfies one of the following two conditions:
(1) X has a regular Gδ-diagonal.
(2) There is a coarser topology T ′ on X such that (X,T ′) is a Hausdorff developable
space.
Then K(X) is a weakly k-developable space.
Proof. In both cases (1) and (2), X has a Gδ-diagonal. Then, following [4], the space X
is a ˇCech-complete space. It follows that X has a p-k-sequence in βX. It remains only to
apply Theorem 5.9 to deduce the result. 2
Remark. One can in fact deduce results stronger than those of the last theorem:
If X satisfies (1), then K(X) is a ˇCech-complete space and has a G∗δ -diagonal.
IfX satisfies (2), thenK(X) is a ˇCech-complete space and has a coarser topology which
is Hausdorff and developable.
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